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ABSTRACT
Mergers of compact object binaries are one of the most powerful sources of gravita-
tional waves (GWs) in the frequency range of second-generation ground-based gravi-
tational wave detectors (Advanced LIGO and Virgo). Dynamical simulations of young
dense star clusters (SCs) indicate that ∼ 27 per cent of all double compact object
binaries are members of hierarchical triple systems (HTs). In this paper, we consider
570 HTs composed of three compact objects (black holes or neutron stars) that formed
dynamically in N -body simulations of young dense SCs. We simulate them for a Hub-
ble time with a new code based on the Mikkola’s algorithmic regularization scheme,
including the 2.5 post-Newtonian term. We find that ∼ 88 per cent of the simulated
systems develop Kozai-Lidov (KL) oscillations. KL resonance triggers the merger of
the inner binary in three systems (corresponding to 0.5 per cent of the simulated HTs),
by increasing the eccentricity of the inner binary. Accounting for KL oscillations leads
to an increase of the total expected merger rate by ≈ 50 per cent. All binaries that
merge because of KL oscillations were formed by dynamical exchanges (i.e. none is
a primordial binary) and have chirp mass > 20 M⊙. This result might be crucial to
interpret the formation channel of the first recently detected GW events.
Key words: black hole physics – gravitational waves – methods: numerical – stars:
black holes – stars: kinematics and dynamics – galaxies: star clusters
1 INTRODUCTION
A large fraction of stars (∼ 10 per cent, Raghavan et al.
2010; Riddle et al. 2015) are found to be a part of hi-
erarchical triple systems (HTs) whereby the inner binary
is orbited by a tertiary body with a much larger semi-
major axis. HTs exhibit interesting dynamical effects; if
the tertiary body is inclined with respect to the inner bi-
nary it can induce oscillations in the orbital parameters of
the inner binary, the so-called eccentric Kozai-Lidov (KL)
resonance (Kozai 1962; Lidov 1962). Notably, the tertiary
body causes the eccentricity of the inner binary to oscil-
late between two extremes, with a maximum value given by
emax ≈
√
1− 5/3 cos 2i, where i is the inclination of the ter-
tiary orbit with respect to the inner binary (in the limit of
a test particle secondary when the three-body Hamiltonian
is expanded to quadrupole order). These oscillations occur
over the timescale (Holman et al. 1997; Kiseleva et al. 1998;
⋆ E-mail: tomkimpson@gmail.com
Antognini et al. 2014)
TK =
2P 2t
3 pi Pb
(1− e2t )
3/2 mb +mt
mt
, (1)
where P is the period, e the eccentricity,m the mass and the
subscripts b and t denote the inner binary pair and tertiary,
respectively.
If the inner binary system is composed of two compact
objects, KL cycles can drive the inner binary to merge via
gravitational wave (GW) emission. The timescale for such a
merger can be approximated as (Peters 1964)
tGW ≈ 2 Gyr
( ab
0.01AU
)4
(1− e2b)
7/2
(
1M⊙
m1
)
(
1M⊙
m2
)(
2M⊙
m1 +m2
)
(2)
where ab is the semi-major axis of the inner binary, eb the
eccentricity of the binary, and m1 and m2 the respective
masses of the two members of the binary pair. It is therefore
clear that should resonance effects lead to the eccentricity
of the inner binary to approach unity, the binary may merge
in a very short time.
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KL cycles can trigger mergers of compact-object
binaries (e.g. Miller & Hamilton 2002; Naoz et al.
2013; Antonini & Perets 2012; Antonini et al.
2014; Antognini et al. 2014; Antognini 2015;
Antognini & Thompson 2016; Antonini et al. 2016),
enhance the formation of blue straggler stars
(Naoz & Fabrycky 2014; Antonini et al. 2016), affect
the orbits of planets (e.g. Martin et al. 2016), and drive the
formation of low-mass X-ray binaries (Naoz et al. 2016).
Moreover, KL cycles can enhance double white-dwarf
mergers enough to explain the type Ia SN rate (Thompson
2011). These effects are particularly important in globular
clusters (Antonini et al. 2016; Naoz et al. 2016), where the
high central stellar density favours the formation of stellar
triples.
Quantifying the impact of KL resonance on the merger
rate of compact objects is of extreme importance in light
of the recent first direct detection of GWs by the Ad-
vanced LIGO detectors (Abbott et al. 2016a; Abbott et al.
2016d,b,c; The LIGO Scientific Collaboration et al. 2016).
Two GW events have been observed by Advanced LIGO
so far, GW150914 (Abbott et al. 2016a) and GW151226
(Abbott et al. 2016c). Both events are associated with the
merger of double black hole (BH) systems. A third GW sig-
nal, LVT151012, might be associated with the merger of
another double BH system, but has low significance.
In this paper, we focus on young dense star clusters
(SCs) and open clusters, and we investigate the impact of
KL resonances on the merger of BH binaries. We re-simulate
HTs that have been found to form self consistently in N-
body simulations (Ziosi et al. 2014), accounting for the ef-
fects of KL oscillations so as to discern the effect of KL
resonance on the merger rate of BH-BH systems. The paper
is organized as follows: in Section 2 we outline the methods
and simulations; in Section 3 we describe and discuss our
results. The conclusions are presented in Section 4.
2 NUMERICAL METHODS AND SETUP
The initial conditions were drawn from a set of 600 di-
rect N-body realisations of young SCs, already discussed
in Mapelli & Zampieri (2014) and in Ziosi et al. (2014). We
extracted 570 HTs composed of three BHs or two BHs and
a neutron star (NS) from these simulations and then re-
simulated them with a regularized algorithm including the
2.5 post-Newtonian (PN) term, but not the 1PN term. In
the following, we discuss the details of the initial conditions,
of the regularized code, and of the simulations.
2.1 The initial conditions
The 600 direct N-body simulations we start from were
run using the starlab1 public software environment
(Portegies Zwart et al. 2001). kira, the direct N-body in-
tegrator included in starlab, implements a Hermite 4th
order integration algorithm (Makino & Aarseth 1992) and
a neighbours–perturbers scheme to integrate tight binaries
1 http://www.sns.ias.edu/∼ starlab/
and multiple systems. This means that each binary (or mul-
tiple system) is treated in a different way according to the
strength of the interactions with other stars. If the binary
is unperturbed (i.e. it has no strong perturbers according
to the criterion discussed in Portegies Zwart et al. 2001), it
is integrated analytically as two-body motion: it is seen by
the other stars in the system as a point mass. If the bi-
nary has close perturbers, it is resolved into its components
and integrated through direct summation. No regularization
schemes are applied.
We included stellar and binary evolution, using the
modified version of starlab described in Mapelli & Bressan
(2013) and Mapelli (2016). Stars evolve in radius, tempera-
ture and luminosity at different metallicities according to the
polynomial fitting formulae by Hurley et al. (2000). A treat-
ment of stellar winds is included for both main sequence and
post-main sequence stars (Portegies Zwart & Verbunt 1996;
Vink et al. 2001; Vink & de Koter 2005; Belczynski et al.
2010; see Mapelli et al. 2013 for a complete description).
The formation of stellar remnants is implemented as
described in Mapelli et al. (2013). In particular, BH masses
at various metallicities follow the distribution described
in fig. 1 of Mapelli et al. (2013) (see also Fryer 1999;
Fryer & Kalogera 2001; Fryer et al. 2012; Mapelli et al.
2009, 2010; Spera et al. 2015, 2016). If the final mass mfin
of the progenitor star (i.e. the mass bound to a star imme-
diately before the collapse) is > 40 M⊙, we assume that the
supernova (SN) fails and that the star collapses quietly to a
BH. The mass of a BH born from direct collapse is similar to
the final mass of the progenitor star. Thus, BHs with mass
up to ∼ 80 M⊙ (∼ 40 M⊙) can form if the metallicity of the
progenitor is Z ∼ 0.01 Z⊙ (Z ∼ 0.1 Z⊙).
NSs are assumed to receive a natal kick drawn from the
distribution of Hartman (1997). BHs that form from quiet
collapse are assumed to receive no natal kick (Fryer et al.
2012). For BHs that form from a SN explosion, the natal
kicks were drawn from the same distribution as NSs but
scaled as mNS/mBH (where mNS = 1.3 M⊙ is the typical
mass of a NS, while mBH is the mass of the considered BH),
to preserve linear momentum.
The 600 runs we employ to derive the initial conditions
include N = 5500 particles each, corresponding to an aver-
age total mass M ∼ 3.5× 103 M⊙. The SCs are modelled as
King models (King 1966) with virial radius rv = 1 pc, core
radius rc ∼ 0.4 pc, half-mass radius rhm ∼ 0.8 pc, and cen-
tral dimensionless potential W0 = 5. These values are typi-
cal of intermediate-mass SCs in the Milky Way, such as the
Orion Nebula Cluster (Portegies Zwart et al. 2010). We gen-
erate star masses according to a Kroupa initial mass func-
tion (IMF, Kroupa 2001) with minimum mass mlow = 0.1
M⊙ and maximum mass mup = 150 M⊙. We include a frac-
tion fPB = 0.18 of stars in primordial binaries. This is a
lower limit to the binary fraction observed in young SCs
(e.g. Li et al. 2013), but higher primordial binary fractions
are prohibitive for the integration time. Additional binaries
form by dynamical encounters. We consider three different
metallicities: Z = 1, 0.1, and 0.01 Z⊙, respectively (here we
assume Z⊙ = 0.02). We simulate 200 different realizations
for each of these metallicities, to increase the statistics and
filter out statistical fluctuations. Each SC has been simu-
lated in isolation for t = 100 Myr.
Ziosi et al. (2014) analysed the formation of BH-BH
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binaries in these 600 simulations. They found that the
vast majority (∼ 97 per cent) of BH-BH binaries come
from dynamical exchanges. Thus, SC dynamics is ex-
tremely important for the formation of BH-BH binaries
(see also Downing et al. 2010, 2011; O’Leary et al. 2006;
Sadowski et al. 2008; Clausen et al. 2013; Morscher et al.
2015; Rodriguez et al. 2015; O’Leary et al. 2016;
Chatterjee et al. 2016; Giersz et al. 2015; Mapelli 2016;
Hurley et al. 2016 for similar conclusions). However, most
BH-BH binaries are too loose to emit detectable gravi-
tational waves: only 7 out of 2096 BH-BH binaries are
expected to merge within a Hubble time in the sample of
Ziosi et al. (2014). This implies an expected merger rate
of a few ×10−3 Gpc−3 yr−1. The minimum merger rate
consistent with the two detected events, GW150914 and
GW151226, is ∼ 9×10−3 Gpc−3 yr−1 (Abbott et al. 2016a;
Abbott et al. 2016c).
570 HTs composed of three BHs or two BHs and a NS
form in the simulations analysed by Ziosi et al. (2014), ap-
proximately one per simulated SC. Triples hosting NSs are a
minority: the inner binary is a BH-NS binary only in 5 cases,
while the NS is the tertiary body in 3 additional systems.
In contrast, systems composed of three BHs are a striking
majority (∼ 99 per cent of all simulated compact-object
HTs). Since 2096 BH-BH binaries form in all simulations
by Ziosi et al. (2014), this means that ∼ 27 per cent of all
BH-BH binaries went through the formation of a HT with
a third BH (or NS) at least once during the simulations.
This indicates that the formation of triple BH systems is a
common feature in SCs.
The dynamical integrator included in starlab is not
sufficiently accurate to evolve HTs accounting for KL os-
cillations, because no regularization scheme is implemented
in kira. This issue is particularly severe for high eccentric-
ity binaries, such as those where KL oscillations are effec-
tive. Moreover, PN terms might be very important in the
final evolution of some KL systems. Thus, we selected all
triple BH systems from our starlab simulations, and we
re-simulated them with a new regularized N-body code in-
cluding the 2.5PN term.
2.2 The regularization code and post-Newtonian
terms
All HTs are evolved by means of a fully regularized N-
body code that implements the Mikkola’s algorithmic regu-
larization (MAR, Mikkola & Tanikawa 1999b,a). This code
is particularly suitable for studying the dynamical evo-
lution of few-body systems in which strong gravitational
encounters are very frequent and the mass ratio between
the interacting objects is large. The MAR scheme removes
the singularity of the two-body gravitational potential for
r → 0, by means of a transformation of the time coordi-
nate (see Mikkola & Tanikawa 1999b for the details). Our
implementation uses a leapfrog scheme in combination with
the Bulirsh-Stoer extrapolation algorithm (Stoer & Bulirsch
1980) to increase the accuracy of the numerical results.
We also included the dissipative relativistic correction
to the Newtonian forces that accounts for the quadrupole
gravitational radiation. This correction, indicated as 2.5PN,
comes from the post-Newtonian approximation theory and
is of order 1/c5, where c is the speed of light (e.g. Kupi et al.
2006). Since the 2.5PN term depends on the velocity of the
particles, we modified the leapfrog scheme into a generalized
midpoint method to maintain the correct symmetry of the
integration scheme in the case of velocity dependent pertur-
bations (Mikkola & Merritt 2006, 2008). In this way, we can
successfully embed the integrator inside the Bulirsh-Stoer
scheme to increase the accuracy of the integration. Other
post-Newtonian terms are not included in the current ver-
sion of the code.
The code integrates the equations of motion employing
relative coordinates by means of the so called chain struc-
ture. This change of coordinates reduces round-off errors
significantly (Aarseth 2003).
At present, this code is a sub-module of the direct
N-body code HiGPUs-R which is still under development
(Spera, in preparation; see Capuzzo-Dolcetta et al. 2013 for
the current non-regularized version of HiGPUs). Still, it can
be used as a stand-alone tool to study the dynamical evolu-
tion of few-body systems with very high precision.
2.3 Simulations and caveats
We take each of the 570 HTs at the time it first appears
in the N-body simulation. Then, we simulate it in isolation
with the regularized code for a Hubble time (tH = 14 Gyr).
To identify genuine KL oscillations in our simulations, we
search for periodic peaks over a timescale of the same order
as the theoretical Kozai timescale (equation 1). If such peaks
are found, KL oscillations are considered important.
Before analyzing the results of our simulations, we
briefly discuss their main issues. Simulating the HTs in isola-
tion, we neglect possible perturbers. Perturbers are expected
to be important for binaries and multiple systems in dense
SCs. A simple estimate of the three-body encounter rate
(based on the geometrical cross-section of a binary corrected
by gravitational focusing, e.g. Colpi et al. 2003) gives
Ren =
2 piGmb ab n∗
σ∗
∼
0.1Myr−1
(
mb
50M⊙
) ( ab
100AU
) ( n∗
103pc−3
) (
5km s−1
σ∗
)
, (3)
where mb and ab are the binary mass and semi-major axis;
n∗ and σ∗ are the number density and velocity dispersion
of stars close to the binary, respectively. If the SC survives
tidal disruption for ∼ 100 Myr, a binary in its core will thus
undergo ∼ 10 encounters. This value depends on the SC
lifetime, on the local density and on the velocity dispersion
in the neighborhoud of a binary system.
Close encounters can either break the HT (whose sta-
bility is extremely precarious, see e.g. Aarseth & Mardling
2001) or re-orient it. It is even possible that re-orientation
favours the merger of the inner binary. Moreover, weak en-
counters with distant perturbers have less dramatic effects
but are far more frequent, and can also contribute to harden
or soften binaries (Heggie 1975).
These caveats must be considered when interpreting the
results of our work. A further study is needed, to investigate
the impact of strong and weak perturbations. On the other
hand, the HTs where the inner binary merges triggered by
KL oscillations (see Section 3) are not affected by strong
perturbers during the entire N-body simulation performed
with starlab.
MNRAS 000, 000–000 (0000)
4 Kimpson et al.
Figure 1. In the top row, the left-hand panel shows the distribution of the masses of the members of the inner binary (mi, with i = 1, 2),
while the right-hand panel shows the distribution of the masses of the tertiary (mt). In the bottom row, the left-hand panel and the right
hand panel show the chirp mass mc = (m1m2)3/5 (m1 +m2)−1/5 and the total mass mb = m1 +m2 of the inner binary, respectively.
In all panels, diagonally hatched blue histogram: Z = 0.01 Z⊙; vertically hatched black histogram: Z = 0.1 Z⊙; horizontally hatched red
histogram: Z = Z⊙.
Another important caveat is represented by relativistic
effects. In our simulations, we include the 2.5PN term, but
we neglect other post-Newtonian terms. However, general
relativistic precession (described by 1PN) can stop eccen-
tricity oscillations by destroying the Kozai resonance (e.g.
Holman et al. 1997; Hollywood & Melia 1997; Blaes et al.
2002; Antonini & Perets 2012). KL oscillations are not sup-
pressed by relativistic precession only if (Blaes et al. 2002)
at
ab
< 910
( ab
1000 AU
)1/3 ( mb
50M⊙
)−1/3
×
(
2mt
mb
)1/3 (
1− e2b
1− e2t
)1/2
, (4)
where ab (at) is the semi-major axis of the inner (outer)
binary, eb (et) is the eccentricity of the inner (outer) binary,
mb is the total mass of the inner binary and mt is the mass
of the tertiary body. In the following analysis, we will use
this simple analytic formalism to predict whether relativistic
precession can influence the merger of simulated systems.
3 RESULTS
3.1 Orbital properties of simulated HTs
Figure 1 shows the relevant masses of the simulated sys-
tems, divided by metallicity. The masses depend on the
metallicity by construction, according to the adopted recipes
of stellar evolution and stellar winds (Mapelli et al. 2013).
On average, the tertiary is slightly less massive than both
members of the binary. In fact, if the tertiary was more
MNRAS 000, 000–000 (0000)
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Figure 2. In the top row, the left-hand and the right-hand panel show the distribution of the semi-major axis of the inner binary
(ab) and of the outer binary (at), respectively. In the bottom row, the left-hand and the right-hand panel show the distribution of the
eccentricity of the inner binary (eb) and of the outer binary (et), respectively. In all panels, the black diagonally hatched histogram refers
to the initial conditions, while the red open histogram indicates the end of the simulations.
massive than any member of the binary, a dynamical ex-
change would occur very fast, because the probability of an
exchange strongly depends on the mass ratio of the involved
bodies (Mapelli & Zampieri 2014 and references therein). A
dynamical exchange leads to the ejection of one of the for-
mer members of the binary and prevents the formation of a
HT.
The chirp mass of the inner binary, defined as mc =
(m1m2)
3/5(m1+m2)
−1/5, where m1 and m2 are the masses
of the two components of the binary, is particularly im-
portant for GWs, since it determines how fast the binary
sweeps, or chirps, through a frequency band (the amplitude
and the frequency of GWs scale as m
5/3
c and m
−5/8
c , respec-
tively). The range of chirp masses is ∼ 5− 25 M⊙, ∼ 5− 36
M⊙, and ∼ 5 − 65 M⊙ at Z = 1, 0.1 and 0.01 Z⊙, re-
spectively. Correspondingly, the range of total masses of the
binary mb = m1 + m2 is ∼ 10 − 55 M⊙, ∼ 10 − 80 M⊙,
and ∼ 10 − 150 M⊙ at Z = 1, 0.1 and 0.01 Z⊙, respec-
tively. This range of chirp and total masses is consistent
with the events that were recently detected by Advanced
LIGO (Abbott et al. 2016d).
Figure 2 shows the distribution of initial eccentricity
and semi-major axis of the inner and outer binary at the
start and the end of the simulations, across all systems. We
found no global change of the distribution of semi-major
axis, consistent with the fact that KL resonance does not af-
fect the energy of the binary. Only exchanges and PN terms
can change the semi-major axis, but they affect only a small
minority of our runs. The Kolmogorov-Smirnov (KS) test
indicates that the probability that the initial and final semi-
major axes are drawn from the same distribution is ∼ 1 and
∼ 0.7 for the inner and outer binary, respectively. The ma-
jority of inner binaries have a semi-major axis ab ∼ 10
2
−103
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Figure 3. Distribution of the inclinations between the plane of
the inner binary and that of the outer binary. Top panel: incli-
nations at the beginning (black diagonally hatched histogram)
and at the end of the simulations (red open histogram) for all
simulated systems. Bottom panel: initial inclinations of systems
in class A (dark green open histogram), class B (turquoise hori-
zontally hatched histogram), class C (orange diagonally hatched
histogram), class A1 (violet vertically hatched histogram) and
class A2 (violet filled histogram). Class A2 corresponds to the
three merging systems. See Table 1 and Section 3.2 for details on
the classification of HTs in these groups.
AU, while the semi-major axis of the outer binary is much
higher (∼ 104 − 105 AU).
As to the eccentricity distribution, we find no apparent
change of eccentricity distribution, consistent with the fact
that KL oscillations do not change the average eccentricity
in time. The KS test indicates that the probability that the
initial and final eccentricities are drawn from the same dis-
tribution is ∼ 0.4 and ∼ 0.2 for the inner and outer binary,
respectively. These probabilities are quite lower than for the
semi-major axis, but we cannot reject the hypothesis that
these distributions come from the same one.
Finally, Figure 3 shows the distribution of inclinations i
between the orbital plane of the inner and outer binary. The
distribution is nearly flat and does not change significantly
during the integration (top panel of Fig. 3), consistently
with the behaviour of KL resonance. The KS test indicates
that the probability that the initial and final inclinations are
drawn from the same distribution is ∼ 1. In Figures 2 and
3, we do not distinguish the three metallicities because, as
already shown by Ziosi et al. (2014), the orbital properties
do not depend on the metallicity significantly.
3.2 Statistics of KL systems
Table 1 summarizes our classification of the 570 simulated
systems. We classify each system as either (i) a system that
undergoes KL oscillations (hereafter, class A); (ii) a system
that undergoes a dynamical exchange, i.e. the tertiary body
becomes member of the inner binary and, usually, the for-
Figure 4. Properties of the inner binary of a HT showing regular
KL cycles. From top to bottom: time dependence of semi-major
axis (ab), eccentricity (eb), inclination with respect to the outer
binary (i), and coalescence timescale tGW (eq. 2). Blue dotted
line in the bottom panel: Hubble time tH. This simulation was
run with the 2.5PN term.
Table 1. Classification of the HTs.
Class A A1 A2 B C
Frequency 502 30 3 10 58
Percentage 88.0 5.3 0.5 1.8 10.2
Class A: systems where KL oscillations are effective; class A1:
sub-sample of class A where tGW < tH for a fraction of the KL
cycle; class A2: systems that merge during the simulations (sub-
sample of class A1); class B: exchanges; class C: other systems
(where Kozai is not important).
mer member of the inner binary is ejected from the system
(class B); (iii) any other system (class C). These are all sys-
tems that do not undergo an exchange, and in which the
oscillations do not match the Kozai timescale and/or their
amplitude is < 1 per cent of the eccentricity.
Among the systems that undergo KL oscillations
(class A) we then consider the sub-sample of systems for
which tGW < tH for at least a fraction of the KL cycle
(where tGW is defined in equation 2 and tH is the Hub-
ble time). These systems are labelled as class A1. A further
sub-sample of class A1 is represented by systems that merge
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during the simulations as an effect of KL oscillations and
GW emission (these will be indicated as class A2).
From Table 1 it is apparent that a large fraction of HTs
(∼ 88 per cent) exhibit KL oscillations (class A), whilst ∼ 2
per cent undergo an exchange (class B). In ∼ 10 per cent of
HTs KL resonance is not efficient (class C).
Furthermore, 30 inner binaries, i.e ∼ 5 per cent of all
simulated systems, have tGW < tH during a fraction of their
KL cycles, because the eccentricity becomes ∼ 1 (class A1).
However, in 27 out of 30 systems (among which, the sys-
tem shown in Figure 4), the time spent in the configuration
with tGW < tH is not sufficiently long to produce effective
orbital decay by GW emission (which, in our simulations, is
modelled as 2.5PN term).
Only 3 inner binaries (0.5 per cent of the simulated sys-
tems) are observed to merge, as a consequence of KL oscilla-
tions (class A2). All three merging systems are triple BH sys-
tems; no NS-BH system merges. The orbital decay induced
by GW emission is effective in the three merging systems.
Figure 5 shows the time dependence of semi-major axis, ec-
centricity, inclination, and coalescence timescale (tGW) of
the three merging systems. For all of them, we compare
the evolution with the 2.5PN term to the evolution with-
out 2.5PN term.
The three merging systems (class A2) all have inclina-
tion i ∼ 90 DEG, as it is shown in the bottom panel of Fig-
ure 3. Similarly, most systems in class A1 have inclination
i ∼ 90 DEG. In contrast, exchanged (class B) and ‘other’
systems (class C) tend to have either smaller or larger in-
clinations. This is consistent with the expectation that KL
oscillations are maximally efficient for inclinations close to
∼ 90 DEG.
For the three merging systems we also checked the ef-
fect of relativistic precession by using equation 4. We found
that the ratio at/ab is smaller than the critical value for
relativistic precession to stop KL oscillations for the entire
simulation, with the exception of the very last epoch of the
merger phase (when eb > 0.99 and when 2.5PN corrections
are very effective, and ab drops in few seconds). Thus, we
expect that relativistic precession cannot stop the merger of
these three systems.
3.3 Properties of merging systems
Table 2 shows the properties of the three systems that merge
in a Hubble time because of KL oscillations and GW emis-
sion (hereafter, we will call them ‘K16 merging systems’, for
brevity). For comparison, we list also the properties of the
events detected by Advanced LIGO (Abbott et al. 2016a;
Abbott et al. 2016c), and those of the seven simulated BH-
BH systems that were found to merge in a Hubble time by
Ziosi et al. (2014) (hereafter, ‘Z14 merging systems’). The
seven Z14 merging systems come from the same set of sim-
ulations as the BH-BH systems we are considering in this
paper, but their merger is not triggered by KL resonance.
In Table 2, we also show the quantity t˜GW (effective
coalescence time), defined as
t˜GW = tbin + tGW, (5)
where tbin is the time elapsed from the formation of the bi-
nary till the end of the simulation, and tGW the coalescence
timescale defined in eq. 2, estimated at the end of the sim-
ulation. For the Z14 merging systems tGW > tbin (because
Ziosi et al. 2014 simulated the evolution of SCs for 100 Myr).
In the case of the three K16 merging systems, account-
ing for the 2.5PN term slows down the integration and makes
the simulation stall: tbin is the duration of the simulation till
it stalls, and we evaluate tGW at the stalling time. For the
three K16 merging systems tGW . 1 yr, hence t˜GW ∼ tbin.
Even if the statistics of merging systems is low, we can
do several interesting considerations.
i) In both Ziosi et al. (2014) and this paper no BH-BH
system is expected to merge within a Hubble time from
solar-metallicity progenitors. All merging systems form from
stars with metallicity . 0.1 Z⊙. The first observed merger
event, GW150914, is also thought to be associated with
low metallicity (< 0.5 Z⊙), because of the large BH mass
(Abbott et al. 2016a).
ii) The masses of K16 merging systems are generally higher
than the masses of Z14 merging systems. In particular, the
mass of the primary BH (39 M⊙) in the K16 merging system
at Z = 0.1 Z⊙ is consistent with the mass of the primary
BH in GW150914 (36.2+5.2−3.8 M⊙, Abbott et al. 2016a). In
contrast, the BH masses of most Z14 merging systems are
fairly consistent with those of GW151226 (Table 2).
iii) All three K16 merging systems involve binaries that
formed from a dynamical exchange, while ∼ 70 per cent
of Z14 merging systems occur in primordial binaries. Thus,
dynamics is very important for all K16 merging systems.
iv) For all simulated merging systems, both Z14 and K16,
t˜GW < 4 Gyr, much shorter than the Hubble time.
Figure 6 shows the systems listed in Table 2 in the plane
of m1, m2. All but one Z14 merging system have relatively
low masses (5–20 M⊙), matching the mass of GW151226.
The mass of one of the primary members in K16
matches the mass of the primary member of GW150914,
while the mass of the secondary members is slightly lower.
The mass of the primary BH in K16 merging systems is
always & 40 M⊙. This might indicate that Kozai-induced
mergers are skewed toward larger BH-BH masses. This con-
sideration is consistent with the fact that HTs form dynam-
ically, and dynamically born systems tend to have larger
masses than primordial binaries (e.g. Mapelli & Zampieri
2014 and references therein). However, our sample is far too
small to draw any definitive conclusion. A large parameter-
space investigation is requested to have statistically signifi-
cant results.
3.4 Impact on the merger rate
From the results of Table 2 we can determine the merger
rate for BH-BH binaries using a Drake-like equation
(Esposito et al. 2015):
R ∼ 5Gpc−3 yr−1
(
tlife
108 yr
) (
ρSF
0.015 M⊙ yr−1 Mpc
−3
)
(
fSF
0.8
) (
600
nSC
) (
3500 M⊙
MSC
) (∑
i t˜
−1
GW,i
8Gyr−1
)
, (6)
where ρSF is the cosmological star formation rate
density at redshift zero (1.5 × 10−2 M⊙ yr
−1 Mpc−3,
Hopkins & Beacom 2006), tlife is the average lifetime of a
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Figure 5. Properties of the inner binary in the three HTs merging within a Hubble time. For each system, from top to bottom: time
dependence of semi-major axis (ab), eccentricity (eb), inclination (i) with respect to the outer binary, and coalescence timescale tGW
(eq. 2). Red dashed line: simulation with 2.5PN term; black solid line: same simulation run without 2.5PN term. Blue dotted line in the
bottom panels: Hubble time tH.
simulated SC (= 100 Myr), fSF is the fraction of star for-
mation that occurs in SCs (=0.8 from Lada & Lada 2003),
nSC is the number of simulated SCs, MSC is the average
mass of the SCs (= 3500M⊙), and t˜GW,i is the effective coa-
lescence timescale of the i-th binary, as given by equation 5.
Using the values of t˜GW given in Table 2 for the three K16
merging systems, we find R ∼ 5 Gpc−3 yr−1, if we assume
that all metallicities are equally likely.
Applying the same equation (eq. 6) to Z14 merging sys-
tems, we find R ∼ 11 Gpc−3 yr−1 (Ziosi et al. 2014 give an
estimate of ∼ 3.5 Gpc−3 yr−1 because they assume a model
for the metallicity evolution in the local Universe and use a
more approximate formula than equation 6). Combining Z14
and K16 merging systems, the rate becomes R ∼ 16 Gpc−3
yr−1. Under the simplest assumptions, KL oscillations can
increase the merger rate by ≈ 50 per cent.
We can also calculate the detection rate for Advanced
LIGO/Virgo, Rdet, by extrapolating the merger rate to a
volume set by the radius out to which the mergers produce
a GW signal within the instrumental range of Advanced
LIGO/Virgo (this range depends on the chirp mass of each
binary):
Rdet =
4pi
3
tlife ρSF fSF
nSCMSC
(
dH
f
)3
1
m
15/6
c,10
∑
i
m
15/6
c,i
t˜GW,i
, (7)
where f = 2.26 is a correction factor accounting for the
random location on the sky and orientation of sources, as
well as the non-uniform pattern of detector sensitivity (Finn
1996; Belczynski et al. 2013), mc,10 = 8.7 M⊙ is the chirp
mass of a BH-BH binary composed of two 10 M⊙ BHs, dH =
1 Gpc is the approximate instrumental range of Advanced
LIGO and Virgo (Abadie et al. 2010) for a binary withmc =
mc,10 = 8.7 M⊙, and mc,i is the chirp mass of i-th merging
BH-BH system.
Adopting the same values for tlife, ρSF, fSF, nSC and
MSC as discussed before, and using tGW,i and mc,i from Ta-
ble 2, we find Rdet ∼ 40 yr
−1. For comparison, the detection
rate of the seven Z14 merging systems, derived from eq. 7 is
Rdet ∼ 100 yr
−1. Combining Z14 and K16 merging systems,
the detection rate becomes Rdet ∼ 140 yr
−1. We note that
dH = 1 Gpc will be reached by Advanced LIGO approx-
imately in the O2 run and that equation 7 assumes that
our simulated mergers are homogeneously distributed in a
sphere of 1 Gpc. Thus, our estimate is likely an upper limit.
Given the low statistics, these results have large uncer-
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Figure 6. Mass of the primary member of a merging binary (m1)
versus the mass of the secondary member (m2). Black crosses: Z14
merging systems; blue filled pentagons: K16 merging systems; red
star with error bars: GW150914; magenta star with error bars:
GW151226; turquoise star with error bars: LVT151012.
tainties and should be considered only as preliminary pre-
dictions of the importance of Kozai merging systems with
respect to the other merging systems in young SCs. Thus, we
find that including the effect of KL resonances can increase
the detection rate by ∼ 40 per cent. This is a mild effect
but is extremely important if we consider the properties of
systems that merge by KL resonances. As we discussed in
the previous Section, Kozai merging systems have generally
higher masses than the other BH-BH systems. Thus, they
can be detected at larger distances, and are consistent with
the mass of the observed GW150914 event. Distinguishing
between Kozai triggered mergers and mergers of primordial
binaries can give us insights into the mechanisms that lead
to the formation of a BH-BH binary.
4 SUMMARY
HTs, i.e. triple systems where an inner binary is orbited by
a tertiary body further out, are very common in the local
Universe. If the orbital plane of the tertiary is inclined with
respect to that of the inner binary, the system might undergo
KL resonance: the eccentricity of the inner binary and the
inclination between the two orbital planes start oscillating.
Since the coalescence timescale of a double compact object
binary strongly depends on its eccentricity, the periodic in-
crease of eccentricity due to KL oscillations can affect the
merger rate significantly.
In Ziosi et al. (2014), we simulated the formation and
the dynamical evolution of double compact-object binaries
in young SCs. We found that ∼ 27 per cent of all BH-BH and
BH-NS binaries (corresponding to 570 systems) are members
of a HT with another BH or, in few cases, with a NS. How-
ever, the algorithms adopted by Ziosi et al. (2014) were not
Table 2. List of the merging BH-BH systems and their associated
parameters at the time of merging.
Ref. Z t˜GW m1 m2 mc mt Bin.
(Z⊙) (Gyr) (M⊙) (M⊙) (M⊙) (M⊙) Type
K16 0.01 0.16 61 20 30 5 E
K16 0.01 3.5 72 20 32 16 E
K16 0.1 0.5 39 18 23 15 E
Z14 0.01 0.09 50 40 39 – E
Z14 0.01 1.34 12 8 8 – P
Z14 0.01 1.76 9 9 8 – P
Z14 0.01 2.06 15 12 11 – P
Z14 0.1 0.20 10 5 6 – E
Z14 0.1 0.67 11 7 8 – P
Z14 0.1 1.49 10 9 8 – P
A16a < 0.5 < 14 36.2+5.2
−3.8 29.1
+3.7
−4.4 28.1
+1.8
−1.5 – U
A16b – < 14 14.2+8.3
−3.7 7.5
+2.3
−2.3 8.9
+0.3
−0.3 – U
A16b – < 14 23+18
−6 13
+4
−5 15.1
+1.4
−1.1 – U
Column 1 (Ref.): reference of the paper from which the system
was taken. K16 means this paper; Z14 indicates Ziosi et al.
(2014); A16a and A16b indicate Abbott et al. (2016a) and
Abbott et al. (2016c), respectively. The last three rows show the
properties of the two GW events (GW150914, GW151226) and
the third possible signal (LVT151012) detected by Advanced
LIGO (Abbott et al. 2016a; Abbott et al. 2016c), for
comparison. Column 2 (Z): metallicity; column 3 (t˜GW):
effective coalescence time since the beginning of the simulation
(eq. 5); column 4 (m1): mass of the primary member of the
inner binary; column 5 (m2): mass of the secondary member of
the inner binary; column 6 (mc): chirp mass of the inner binary;
column 7 (mt): mass of the tertiary, when present; column 8
(Binary type): origin of the binary. ‘P’ and ‘E’ stand for
primordial and exchanged binary, respectively. In the last
column, ‘U’ means unknown origin.
sufficiently accurate to study the development of KL oscil-
lations in these 570 HTs. In this paper, we re-simulate the
HTs found in Ziosi et al. (2014) by using a new code based
on the Mikkola’s algorithmic regularization scheme. We also
included the 2.5PN term.
We find that∼ 88 per cent of the simulated HTs develop
KL oscillations. Less than ∼ 2 per cent of the simulated
HTs undergo an exchange during the simulation, while the
remaining ∼ 10 per cent of simulated HTs do not show sig-
nificant KL oscillations or other interesting dynamical fea-
tures.
In three runs (i.e. ∼ 0.5 per cent of all runs) KL oscil-
lations lead to the merger of the inner binary, if the 2.5PN
term is included. Even if this is a small sample to make any
strong statements, we note that all three merging systems
originated from dynamical exchanges (i.e. none comes from a
primordial binary). In contrast, Ziosi et al. (2014) reported
seven systems merging in a Hubble time, 70 per cent of which
were born from primordial binaries and only 30 per cent
from dynamical exchanges. Moreover, most of the merging
systems simulated by Ziosi et al. (2014) have lower masses
than the three systems merging by KL oscillations. The BH
masses of merging systems found by Ziosi et al. (2014) are
fairly consistent with those of GW151226 (the second LIGO
event), while the three systems merging by KL oscillations
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have higher masses, similar to those of GW150914 (the first
LIGO event).
Dynamical interactions trigger the formation of BH-
BH binaries more massive than BH-BH binaries originating
from primordial binaries (Ziosi et al. 2014; Morscher et al.
2015; Giersz et al. 2015; Mapelli 2016). However, most of
these massive dynamically formed BH-BH binaries are not
expected to merge, according to the results of Ziosi et al.
(2014), who did not account for KL oscillations. In our
paper, we show that KL oscillations might enhance the
merger rate of massive dynamically formed BH-BH bina-
ries. This result is particularly important to interpret the
formation channel of GW150914: while it is highly contro-
versial whether GW150914 comes from a primordial binary
or from a dynamically formed system (e.g. Abbott et al.
2016b), such high-mass BH-BH binary can result from the
evolution of primordial binaries only with fine tuning (e.g.
Belczynski et al. 2016b,a; Marchant et al. 2016). Our simu-
lations indicate that dynamical mechanisms (e.g. exchanges)
trigger the formation of massive BH-BH binaries (Ziosi et al.
2014), and KL oscillations can boost the merger rate of such
massive dynamically formed BH-BH binaries.
We estimate that the merger rate R of BH-BH binaries
from Ziosi et al. (2014) is R ∼ 11 Gpc−3 yr−1, while the
merger rate of the three systems merging by KL oscillations
is ∼ 5 Gpc−3 yr−1. Combining these results, we find that
a total merger rate R ∼ 16 Gpc−3 yr−1 is expected from
the simulations of Ziosi et al. (2014) when accounting for
Kozai resonances. While this result is affected by large un-
certainties, it is fairly consistent with the constraints posed
by GW150914 and GW151226 (R ∼ 9 − 240 Gpc−3 yr−1,
Abbott et al. 2016c).
Our results suffer from a number of issues. First, we sim-
ulated the HTs in isolation. While we checked that none of
the merging HTs is affected by strong perturbers during the
N-body simulations of Ziosi et al. (2014), we cannot exclude
that even weak perturbations can prevent any of such sys-
tems from merging. A full N-body simulation with a regu-
larization scheme is requested to check this issue. Moreover,
we neglected non-dissipative PN terms. They do not con-
tribute to GW decay but can induce precession of the inner
binary and affect the dynamical evolution of the HT. Their
contribution will be considered in a forthcoming study. Tak-
ing into account all these caveats, our results indicate that
HT formation and Kozai resonance might have a crucial im-
pact on the demographics of GW sources. In particular, KL
oscillations can trigger the coalescence of massive BH-BH
systems in dynamically formed binaries, leading to an in-
crease of the merger rate by ≈ 50 per cent.
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